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Abstract--------~-------------------------------------------------------

Consistent tangent formulations have the highly desirable property of providing quadratic con
vergence when Newton-Raphson iteration is used to solve the global stiffness equations. The 
implementation of these formulations, however, is not straightforward as they require the use 
of an implicit stress integration scheme in order to form the consistent stiffness matrix. These 
integration schemes are not well suited to adaptive sub-stepping (which is extremely effective for 
handling the complex constitutive relations that are typical for geomaterials) and are prone to 
non-convergence unless very small load steps are used. This paper presents a new technique for 
accelerating the convergence of Newton-Raphson iteration that is based on the consistent tan
gent approach with a least squares approximation to the plastic multiplier. The significance of the 
method is that it allows a quasi-consistent tangent formulation to be used in conjunction with 
explicit stress integration schemes. Although the procedure does not provide quadratic conver
gence, it does accelerate the Newton-Raphson iteration process dramatically and is very robust. 

1 INTRODUCTION 

Consistent tangent methods provide a very efficient 
means for solving problems in nonlinear computa
tional mechanics (see, for example, Simo and Taylor 
(1985) and Runesson et al. (1986)). These methods 
combine implicit integration of the constitutive law 
(at the Gauss point level) with Newton-Raphson itera
tion to solve the global finite element equations. By 
formulating a constitutive tangent matrix that is con
sistent with the stress integration scheme (the so-called 
consistent tangent matrix), quadratic convergence of 
the Newton-Raphson iterations is obtained. 

Unfortunately, implicit stress integration 
schemes are not particularly robust for many geo
technical applications due to the complexity inher
ent in many constitutive models for geomaterials. 
Most notably, failure of the iterative integration 
scheme to solve for the stresses at just a single Gauss 
point requires the current global load or time incre
ment to be reduced and then resolved. Sub
incrementation of the strain increments may be 
employed to integrate the stresses but, until the 
work of Perez-Foguet et al. (2001), these types of 
schemes have not been compatible with consistent 
tangent methods. Their consistent tangent formu
lation supports substepping with implicit stress in
tegration but, unfortunately, it results in a loss of 
symmetry of the global system equations and is 
complex to implement. 

Modern explicit techniques provide a powerful, 
robust and efficient alternative for integrating com
plex constitutive laws. Unlike implicit integration 
methods, they do not involve the solution of a system 

of nonlinear equations and thus avoid difficulties with 
possible non-convergence. The explicit integration 
schemes developed by Sloan (1987), and later refined 
in Sloan et al. (200 1 ), have been used extensively in the 
geotechnical research community for a wide variety of 
constitutive laws (see, for example, Potts andZrdrakovic 
1999, Zhao et al. 2005, Solowski and Gallipoli 2010, 
Andrainpoulos et al. 2010). Using adaptive step size 
control, the schemes have been shown to control the 
global error in the stresses to within an order of magni
tude of a user-specified local error tolerance. Moreover, 
it is straightforward to implement procedures with 
varying orders of accuracy if required. 

This paper describes the development of a quasi
consistent stiffness matrix that accelerates the con
vergence of Newton-Raphson iterations when 
solving the global .finite element equations. The 
method is suitable for any explicit integration 
scheme which uses substepping and can accommo
date various drift correction procedures for restor
ing the stresses to the yield surface. Moreover, it can 
be readily implemented in conjunction with existing 
integration schemes, and does-not need to be refor
mulated for different constitutive laws. 

The excellent performance of the new accelera
tion scheme is verified by considering the collapse of 
a flexible strip footing resting on a cohesive-friction 
layer of soil. 

2 ELASTOPLASTICITY 

Depending upon_ its current stress state, an elasto
plastic material is assumed to behave either as an 
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elastic solid or a plastic solid. The transition from 
elasticity to plasticity is described by the yield crite
rion which forms a surface in three dimensional 
principle stress space. Stress states lying within the 
yield surface are regarded as elastic, while stress 
states lying on the yield surface are plastic. As the 
material deforms plastically, the stresses must re
main on the yield surface and so stress states lying 
outside the yield surface are inadmissible. For an 
elastic perfectly-plastic material, the yield surface is 
described by a yield function of the formf((f), where 
(f is a vector of the current stresses. If f((f) < 0, the 
stress point lies within the yield surface and the 
material behaves elastically according to 

(j= D.t (1) 

where D. is the elastic stress-strain matrix and tis a 
vector of strain ·components. 

Once yielding takes place,[( (f) = 0 and the stresses 
remain on the yield surface as plastic deformation 
occurs. Letting a superior dot denote a· derivative 
with respect to time, this constraint is enforced by 
the consistency condition 

(2) 

where u is a vector of stress rates, and a is the gradient 
to the yield surface. At this stage, elastqplastic theory 
makes two key assumptions. The first is that the total 
strain rate, 8, can be expressed as the sum of an elastic 
strain rate, 8., and a plastic strain rate, 8P, according to 

(3) 

The second is that the direction of the plastic strain 
rates is normal to a surface called the plastic potential. 
This assumption, which is termed the flow rule, can 
be expressed as 

. ag . 
8 =A-=Ab 

p (}(j (4) 

where g is the plastic potential, A is a positive constant 
known as the plastic strain rate multiplier, and b is 
the gradient to the plastic potential. For convenience, 
the plastic potential is often assumed to have a form 
similar to that of the yield criterion. 

Differentiating (1) with respect to time and sub
stituting Equations (3) and (4) gives 

(5) 
Inserting this expression in the consistency condition 
(2), the plastic multiplier may be written as 

TD. A= a .e 
aTD.b 

(6) 

Substituting the expression for~ from (6) into (5) 
furnishes the standard elastoplastic stress-strain re
lations of the form 

(7) 

where 

D =D _D.baTDe 
ep e aTD.b (8) 

is known as the elastoplastic stress-strain matrix. 

3 CONSISTENT TANGENT MODULAR 
MATRIX 

Crisfield (1991) presented a general derivation of 
the consistent tangent matrix, based upon the im
plicit backward Euler algorithm for integrating the 
constitutive equations. The backward Euler method 
gives rise to the following nonlinear equation 

- - ag[ 
(jc- (je AADe ()(f c (9) 

which is solved for the plastic multiplier AA such 
that the current stress state, (fc, lies on the yield sur
face. In this expression (f. represents the elastic 'trial' 
stress vector that is computed by treating the total 
increment of strain as being elastic. Differentiating 
Equation (9) with respect to time and enforcing the 
consistency condition defined by Equation (2), the 
consistent tangent stress-strain matrix is derived as 

RbaTRT 
Dct =R- bTRa 

in which the matrix R is defined as 

( 
ab )-I 

R = I+ AAD. (}(j D. 

(10) 

(11) 

It can be seen that the consistent tangent stress-strain 
matrix reverts to the standard elastoplastic stress 
strain matrix if AA is set to zero in Equation (11). For 
cases which involve large amounts of plastic defor
mation or strongly nonlinear constitutive laws, the 
solution of the nonlinear system (9) for (fc and AA at 
each Gauss point can be highly problematic and 
non-convergence is not uncommon. Should non
convergence occur, then the most obvious option is 
to reduce the size of the current load/time step and 
repeat the whole solution process. Although line 
searches can be used to improve the robustness of 
the backward Euler iterations, these add complexity 
to the algorithm with no guarantee of convergence. 

4 LEAST SQUARES APPROXIMATION TO 
CONSISTENT TANGENT 

For each integration point which undergoes plastic 
deformation, the values of (fc and AA found from 
Equation (9) are used to compute the consistent tan
gent modular matrix defined~by Equations (10) and 
(11). In these equations, the plastic multiplier AA is 
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the key parameter that links the integration of the 
constitutive laws to the consistent tangent stress
strain matrix. 

Using backward Euler integration, the flow rule 
at the final stress state is satisfied such that 

Lltp = LU ;:jc (12) 

However, for other integration methods, such as an 
explicit scheme with substepping, this relation is 
not satisfied as the direction of the plastic strain in
crement is typically computed using gradients to the 
plastic potential at stress states other than the final 
stress state. Indeed, the use of sub-incrementation 
involves evaluation of the plastic potential at many 
different intermediate stress states. 

A value of the plastic multiplier that is compati
ble with the backward Euler method can be found 
using a simple least squares approximation. This ap
proximation follows from Equation (12) where the 
following expression is minimised 

(13) 

and the gradients are computed at the current stress 
state ac (which can be found by any method). 
Expanding this relation and differentiating with re
spect to LU gives 

____EQ_ =-2Llt T ag + 2LU( ag )T ( ag) 
d(LU) P aa aa aa (14) 

Setting this equation to zero minimizes the value of 
(13) and gives a least squares approximation for LU 
according to 

(15) 

This expression is not convenient to compute in a 
finite element code as the incremental plastic strains 
are typically not returned by stress integration sub
routines. However, from Equation (3), the increment 
in plas-tic strains can be expressed as 

Lltp = Llt - Llte ( 16) 

which, assuming linear elasticity, gives 

Lltp = Llt- D; 1Lla (17) 

where Lla = ac- a0 and where a0 are the stresses at 
the start of the current time step. Substitution of 
Equation (17) into Equation (15) gives the expression 

~ms =(Llt- D;1
Llar ::/( ;: r ( ;: ) (18) 

which can be readily evaluated after the stresses are 
integrated as all terms in this equation are either 
known or can easily be evaluated. 

The least squares approximation to the plastic 
multiplier, given by (18), can be used in conjunction 
with Equations (10) and (11) to estimate the true 
consistent stress-strain matrix. It will be shown that 
this approximation, which may be regarded as being 
"quasi-consistent", leads to accelerated convergence 
of a global Newton-Raphson iteration scheme for 
each load/time step. Indeed, the observed conver
gence behavior is much better than that obtained 
from the use of standard continuum stress-strain 
matrices, and is very robust. 

5 ANALYSIS AND RESULTS 

To demonstrate the accelerated convergence of the 
Newtown Raphson iterations, the collapse of a flexible 
strip footing resting upon a cohesive-frictional weight
less soil is considered. This problem, while relatively 
simple, has tensile zones and large rotations in the 
principal stresses adjacent to the footing. 

The analysis is performed using the finite ele
ment software SNAC, which is an advanced research 
code developed at the University of Newcastle over 
the last two decades. The soil is modelled as an as
sociated Mohr-Coulomb material with a C2 continu
ous hyperbolic approximation to the yield surface 
(Abbo etal. 2011). This criterion provides continuity 
of the second derivatives by smoothing both the 
apex and corner vertices of the parent surface. A close 
fit to the true Mohr-Coulomb criterion was ensured 
by choosing tight rounding parameters ( (}T = 29° and 
a= 0.05 c cot¢). The standard continuum and quasi
consistent tangent stiffness analyses were performed 
using the explicit integration scheme of Sloan et al. 
(2001), with the Euler-modified Euler pair to control 
the error in the substepping. The consistent tangent 
stiffness· analyses, on the other hand, were performed 
using the implicit backward Euler stress integration 
scheme as described by Crisfield (1991). 

The finite element mesh used to model the footing, 
shown in Figure 1, comprises 48 fifteen-noded cubic 
strain triangles to a:llow accurate simulation of col
lapse (Sloan and Randolph 1982). A total load pres
sure load of pjc' = 30 is applied to the footing. 

Analyses of the footing were performed using 20, 
50 and 100 load increments. In each step, Newton
Raphson iteration was performed until the follow
ing condition was satisfied , 

IIFunb II/ II Ext II < ITO L (19) 

where Funb and Fext are vectors of the unbalanced and 
total external forces, and ITOL = 10-10

• Each of these 
analyses was performed using the consistent tangent 
method, the quasi-consistent tangent method, and 
the continuum tangent method. 

Table 1 shows the Newton-Raphson iteration 
count needed to complete each analysis. No results 
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E'jc' = 1040 
v'= 0.3 
rfl=ql=30° 

Figure 1 Finite element mesh for flexible strip footing. 

Table 1 Global iteration counts for footing analysis with 
ITOL= 10-10 

No. load Consistent Quasi-consistent Continuum 
steps tangent tangent tangent 

20 248 2040 
50 528 2420 
100 353 938 2776 

are presented for the consistent tangent method for 
the cases with 20 or 50 load steps as the backward 
Euler stress integration failed to converge at a stress 
point adjacent to the footing and the analyses were 
aborted. For the analysis with 100 load increments, 
the continuum tangent method required a total of 
2,776 Newton iterations, with rapidly increasing 
numbers of iterations being needed in the later stages. 
In comparison, the consistent tangent analysis re
quired just 353 iterations, which clearly demonstrates 
the appeal of quadratic convergence for problems 
that are loaded to collapse. The quasi-consistent anal
ysis required 938 Newton iterations, which is almost 
one third of the iterations required for the standard 
continuum tangent analysis. Compared with the 
consistent tangent method, the quasi-consistent ap
proach required 2.66 times as many iterations. 

The convergence of the Newton-Raphson scheme 
in the final load increment is depicted in Figure 2, 
which plots the unbalanced force IIFunhll at the end of 
each iteration. The superior rate of convergence of 
the consistent tangent scheme is clearly evident, par
ticularly when compared with the slow rate of con
vergence for the continuum tangent formulation. 
The performance of the quasi-consistent tangent 
method is markedly superior to that of the contin
uum formulation,- with a convergence rate that is 
still linear but with a much smaller constant. 

The unbalanced forces at the end of each iteration 
in the final load step are listed in Table 2. Both the 
quasi-consistent and continuum tangent formula
tions exhibit a linear rate of convergence. Ignoring 

1 . 0 E + 00 r----r-i -...,.----;--,--.,.-----,-,.----, 

1.0E-01 ············f········· ---·Continuum 

1.0E- 02 ......... f......... =:- ~~~:ii~~:nntsistent 
1.0E- 03 

E 1.0E- 04 
0 

~ 1.0E- OS 
~ 

t2 1.0E- 06 
"'0 
~ 1.0E- 07 
c 

~1.0E-08 
.Ll ············ ········::::r ... :···:::::I:::.:::.:::.:~:·.:::::::::I::::::::::::r::::::::::::r::::.:: .. ::. 

: •~: = :: ":-l=1==i ==I= : I= -=~ : j: :: 
1.0E- 13 1---+-+---i--+--+---+--t--; 

:51.0E-09 

0 5 10 15 20 25 30 35 40 
Iteration number 

Figure 2 Convergence results for final load increment of 
footing analysis with ITOL = 1 o-10• 

Table 2 Convergence ofNewton-Raphson iterations in last 
load increment with ITOL = 1 o-10 

Iteration 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

Consistent 

1.90 X 10-2 

4.20 x 1 o-2 

3.73 X 10-3 

1.17X 10-3 

1.87 X 10-7 

4.34 x 1 o-13 

Quasi
consistent 

1.92 X 10-2 

4.50 X 10-2 

4.36 X 10-3 

1.50 X 10-3 

8.77 X 1 o-5 

1.68 X 10-5 

3.47 x 1 o-6 

7.59 x 1 o-7 

1.72 X 10-7 

3.98 X 10-s 
9.27 X 10-9 

2.17 X 10-9 

5.12 X 10-10 

1.21 X 10-10 

2.89 x 1 o-11 

Continuum 

1.93 X 10-2 

3.22 X 10-2 

4.73 X 10-3 

1.67 X 10-3 

4.57 X 10-4 

3.33 x 1 o-4 

2.59 x 1 o-4 

2.09 x 1 o-4 

1.nx1o-4 

1.45 X 10-4 

1.24 X 10-4 

1.07 X 10-4 

9.35 X 1 o-5 

8.21 X 1 o-5 

7.24 X 1 o-5 

6.40 X 1 o-5 

5.68 X 1 o-5 

5.04 X 1 o-5 

4.49 X 1 o-5 

4.00 X 1 o-5 

3.57 X 1 o-5 

3.18 X 10-5 

2.84 X 1 o-5 

2.54 X 1 o-5 

2.27 X 1 o-5 

the first 4 iterations, the average convergence rate 
constant of the quasi-consistent tangent iterations 
is 0.23 as compared to 0.89 for the continuum tan
gent iterations. This implies that, on average, the 
quasi-consistent method reduces the number of it
erations by a factor of 12 for the same convergence 
tolerance. The load-deformation response obtained 
from each of the tangent stiffness schemes is for all 
practical purposes the same and asymptotes clearly 
towards the Prandtllimit load of30.14c' (Fig. 3). 
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The Newton-Raphson iteration counts in each 
load step of the 100-increment analyses are shown 
in Figure 4. Both the consistent and quasi-consistent 
methods require a constant number of iterations, 
regardless of the extent of plastic yielding, while the 
iteration counts for the continuum scheme grow 
dramatically in the vicinity of collapse. The effect of 
this behaviour is evident in Figure 5, which shows 
the corresponding cumulative iteration counts. 

The stringent iteration tolerance in (19) was im
posed to illustrate the convergence properties of the 
various tangent stiffness formulations. Such a tight 
tolerance is excessive for practical computations, where 
ITOL values in the range 10-3 to 10-6 are usually ad
equate. To assess the performance of the continuum 
tangent, quasi-consistent tangent, and consistent 
tangent methods with a less stringent convergence 
criterion, the footing analyses were repeated with an 
iteration tolerance of10-6• As before, the continuum 
tangent and quasi-consistent tangent formulations 
were performed using the adaptive explicit integra
tion scheme of Sloan et al. (2001), while the consis
teD;t tangent scheme was performed using the implicit 
backward Euler algorithm. The total iteration counts 
for these analyses are listed in Table 3. For the analysis 
using 100 load increments the standard continuum 
tangent method required 1080 iterations. This is 
substantially greater than quasi-consistent procedure, 
which needed 445 iterations, and the consistent tan
gent method which needed just 286 iterations. 

The choice of stress integration scheme and as
sociated tangent stiffness formulation has an im
portant bearing on the efficiency of elastoplastic 
finite element computations, especially when the 
problem is loaded until collapse occurs. For the 
100-increment analyses shown in Table 3, where a 
convergence tolerance of 10-6 was imposed, the con
sistent tangent method required 59 CPU seconds, 
while the quasi-consistent and continuum methods 
used 85 and 159 CPU seconds, respectively. These 
timings are for a Dell XPS laptop, and would be up 
to an order of magnitude lower on a well-configured 
desktop machine. Nonetheless, they illustrate the 
advantages of the quasi-consistent scheme, which is 
nearly twice as fast as the standard continuum for
mulation. Although it is 55% slower than the fully 
consistent method, the quasi-consistent method is 
much more robust and ideally suited to geotechnical 
applications with complex constitutive models. 
Moreover, its performance could be much improved 
by using a high-order explicit scheme to integrate 
the stress-stain relations (such as the 5th order 
Dormand-Prince method), since this will be more 
efficient for the tight stress-error tolerance of 
STOL = 10-6 that was used (see Sloan et al. 2001). 
The optimum tolerances for various forms of the 
quasi-consistent method are studied further in 
Abbo, Sloan and Sheng (2011). 

Direct and Inverse Problems, Practical 
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Figure 3 Load-deformation plot for footing. 
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Figure 4 Iterations per load step for 1 GO-increment analy
ses with ITOL = 1 o-10
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Figure 5 Cumulative iterations for 1 GO-increment analyses 
with ITOL = 1 o-10• 
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Table 3 Global iteration counts for footing analysis with 
ITOL= 10-6 

No. load Consistent Quasi-consistent Continuum 
steps tangent tangent tangent 

20 139 919 
so 270 994 
100 286 445 1080 

6 CONCLUSION 

A simple method for accelerating the convergence of 
global Newton-Raphson iterations in finite element 
analysis of elastoplasticity has been presented. The 
method is based upon the consistent tangent tech
nique and uses a least squares approximation to the 
plastic multiplier. The scheme significantly acceler
at~s the convergence ofNewton-Raphson iterations 
and is very simple to implement. While not achieving 
the second order convergence rate of a fully consistent 
tangent formulation, it is much more robust and 
performs well in comparison to the standard con
tinuum tangent scheme with a fivefold saving in 
iterations for typical analyses. 

A major advantage of the quasi-consistent for
mulation is that it can be used in conjunction with 
explicit methods that employ adaptive substepping 
to integrate the constitutive law. Indeed, the method 
does not require the stress integration scheme to be 
consistent with the formation of the tangent stress
strain matrix, and can be employed with a variety of 
integration schemes. 
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